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Abstract. Here I review vectorial type condensation due to a non zero chemical potential associated
to some of the global conserved charges of the theory. The phase structure is very rich since three
distinct phases exists depending on the value assumed by one of the zero chemical potential vector
self interaction terms. In a certain limit of the couplings and for large chemical potential the theory
is not stable. This limit corresponds to a gauge type limit often employed to economically describe
the ordinary vector mesons self interactions in QCD. Our analysis is relevant since it leads to a
number of physical applications not limited to strongly interacting theories at non zero chemical
potential.
INTRODUCTION
Relativistic vector condensation has been proposed and studied in different realms of
theoretical physics. However the condensation mechanism and the nature of the relativis-
tic vector mesons themselves is quite different. Linde [1, 2, 3], for example, proposed
the condensation of the intermediate vector boson W in the presence of a superdense
fermionic matter while Ambjørn and Olesen [4, 5] investigated their condensation in
presence of a high external magnetic field. Manton [6] and later on Hosotani [7] con-
sidered the extension of gauge theories in extra dimensions and suggested that when the
extra dimensions are non simply connected the gauge fields might condense. Li in [8]
has also explored a simple effective Lagrangian and the effects of vector condensation
when the vectors live in extra space dimensions1.
In [9, 10] it has also been suggested that the non gauge vectors fields such as the
(quark) composite field ρ in QCD may become light and possibly condense in a high
quark matter density and/or in hot QCD. Harada and Yamawaki’s [11] dynamical com-
putations within the framework of the hidden local gauge [12] symmetry support this
picture. Recently the Bose-Einstein relativistic condensation phenomenon has been sug-
gested as physical mechanism underlying the electroweak symmetry breaking scenario
[13, 14]
We consider another type of condensation. If vectors themselves carry some global
charges we can introduce a non zero chemical potential associated to some of these
1 The effective Lagrangian and the condensation phenomenon in extra (non compact) space dimensions
has also been studied/suggested in [16].
charges. If the chemical potential is sufficiently high one can show that the gaps (i.e. the
energy at zero momentum) of these vectors become light [15, 16, 17] and eventually zero
signaling an instability. If one applies our results to 2 color Quantum Chromo Dynamics
(QCD) at non zero baryon chemical potential one predicts that the vectors made out of
two quarks (in the 2 color theory the baryonic degrees of freedom are bosons) condense.
Recently lattice studies for 2 color at high baryonic potential [18] seem to support our
predictions. This is the relativistic vectorial Bose-Einstein condensation phenomenon.
A decrease in the gap of vectors is also suggested at high baryon chemical potential for
two colors in [19].
I review here the general structure of vector condensation [15].
VACUUM STRUCTURE AND DIFFERENT PHASES
We choose to consider the following general effective Lagrangian for a relativistic
massive vector field in the adjoint of SU(2) in 3+ 1 dimensions and up to four vector
fields, two derivatives and containing only intrinsic positive parity terms [20, 21]2:
L = −1
4
FaµνF
aµν +
m2
2
AaµAaµ +δεabc∂µAaνAµbAνc
− λ
4
(
AaµAaµ
)2
+
λ′
4
(
AaµAaν
)2
, (1)
with Faµν = ∂µAaν−∂νAaµ, a= 1,2,3 and metric convention ηµν = diag(+,−,−,−). Here,
δ is a real dimensionless coefficient, m2 is the tree level mass term and λ and λ′ are
positive dimensionless coefficients with λ ≥ λ′ when λ′ ≥ 0 or λ ≥ 0 when λ′ ≥ 0 to
insure positivity of the potential. The Lagrangian describes a self interacting SU(2)
Yang-Mills theory in the limit m2 = 0, λ = λ′ > 0 and δ =−
√
λ.
We set δ = 0 and the theory gains a new symmetry according to which we have
always a total number of even vectors in any process [15]. The effect of a nonzero
chemical potential associated to a given conserved charge - (say T 3 = τ3/2) - can be
included by modifying the derivatives acting on the vector fields according to ∂νAρ →
∂νAρ− i
[
Bν ,Aρ
]
with Bν = µδν0T 3 ≡VνT 3 where V = (µ ,~0). The chemical potential
breaks explicitly the Lorentz transformation leaving invariant the rotational symmetry.
Also the SU(2) internal symmetry breaks to a U(1) symmetry. If the δ term is absent
we have an extra unbroken Z2 symmetry which acts according to A3µ → −A3µ. These
symmetries suggest introducing the following cylindric coordinates:
φµ = 1√2(A
1
µ + iA2µ) , φ∗µ =
1√
2
(A1µ− iA2µ) , ψµ = A3µ , (2)
2 For simplicity and in view of the possible physical applications we take the vectors to belong to the
adjoint representation of the SU(2) group.
on which the covariant derivative acts as follows:
Dµφν = (∂+ iV )µ φν , Dµψν = ∂µψν , Vν = (µ,0) . (3)
The vacuum structure of the theory is explored via the variational ansatz [15]:
ψµ = 0 , φµ = σ


0
1
eiα
0

 . (4)
Substituting the ansatz in the potential expression yields:
V = 2σ4
[
(2λ−λ′)−λ′ cos2 α]+2(m2−µ2)σ2 . (5)
The potential is positive for any value of α when λ > λ′ if λ′ ≥ 0 or λ > 0 if λ′ < 0.
Due to our ansatz the ground state is independent of δ. The unbroken phase occurs when
µ ≤ m and the minimum is at σ = 0. A possible broken phase is achieved when µ > m
since in this case the quadratic term in σ is negative. According to the value of λ′ we
distinguish three distinct phases:
The polar phase: λ′ > 0
In this phase the minimum is for
〈φµ〉= σ


0
1
1
0

 , with σ2 = 14
µ2−m2
λ−λ′ , (6)
and we have the following pattern of symmetry breaking SO(3)×U(1)→ SO(2), where
SO(3) is the rotational group. We have three broken generators and 3 gapless excitations
with linear dispersion relations. All of the physical states (with and without a gap) are
either vectors (2-component) or scalars with respect to the unbroken SO(2) group. The
dispersion relations for the 3 gapless states can be found in [15].
At µ = m the dispersion relations are no longer linear in the momentum. This is
related to the fact that the specific part of the potential term has a partial conformal
symmetry discussed first in [16]. Some states in the theory are curvatureless but the
chemical potential present in the derivative term prevents these states to be gapless.
There is a transfer of the conformal symmetry information from the potential term to
the vanishing of the velocity of the gapless excitations related to the would be gapless
states. This conversion is due to the linear time-derivative term induced by the presence
of the chemical potential term [22, 16, 15].
Enhanced symmetry and type II Goldstone bosons: λ′ = 0
Here the potential has an enhanced SO(6) in contrast to the SU(2)×U(1) for λ′ 6= 0
global symmetry which breaks to an SO(5) with 5 broken generators. Expanding the
potential around the vacuum we find 5 null curvatures [15]. However we have only three
gapless states obtained diagonalizing the quadratic kinetic term and the potential term.
Two states (a vector of SO(2)) become type II goldstone bosons while the scalar state
remains type I [23]. This latter state is the goldstone boson related to the spontaneously
broken U(1) symmetry3. Using the Nielsen Chadha theorem[23] the type II states are
counted twice with respect to the number of broken generators while the linear just once
recovering the number of generators broken by the vacuum. We can be more specific
since we discovered [16] that the velocity of the associated gapless states is proportional
to the curvatures (evaluate on the minimum) of the would be goldstone bosons which is
zero in the λ′ = 0 limit. Again we have an efficient mechanism for communicating the
information of the extra broken symmetries from the curvatures to the velocities of the
already gapless excitations.
The apolar phase: λ′ < 0
In this case the potential is minimized for:
〈φµ〉= σ


0
1
ı
0

 , with σ2 = 12
µ2−m2
2λ−λ′ , (7)
with 3 broken generators. However the unbroken generator is a linear combination of the
U(1) and a SO(3) generator and in [15] it has been shown that only two gapless states
emerges. One of the two states is a type I goldstone boson while the other is type II. The
two goldstone bosons are one in the z and the other in the x−y plane. Interestingly in this
phase, due to the intrinsic complex nature of the vev, we have spontaneous CP breaking.
We summarize in Fig. 1 the phase structure in terms of the number of goldstone bosons
and their type according to the values assumed by λ′.
The case λ = λ′: the gauge theory limit
Here the potential is:
V = 2σ4λsin2 α+2
(
m2−µ2)σ2 , (8)
3 According to the Nielsen and Chadha counting scheme in absence of Lorentz invariance if nI denotes
the number of gapless excitations of type I with linear dispersion relations (i.e. E ∝ p) and nII the
ones with quadratic dispersion relations (i.e. E ∝ p2) the Goldstone theorem generalizes to nI + 2nII ≥
# broken generators.
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FIGURE 1. We show the number and type of goldstone bosons in the three distinct phases associated to
the value assumed by the coupling λ′. In the polar phase, positive λ′, we have 3 type I goldstone bosons.
In the apolar phase, negative λ′, we have one type I and one type II goldstone boson while in the enhanced
symmetry case λ′ = 0 we have one type I and two type II excitations.
with two extrema when µ > m, one for α = 0 and σ = 0 which is an unstable point
and the other for α = ±pi/2 and σ2 = (µ2−m2)2λ corresponding to a saddle point (see the
potential in Fig. 2). At first the fact that we have no stable solutions seems unreasonable
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FIGURE 2. Potential plotted for µ = 2m and λ = λ′ = 1.
since we know that in literature we often encounter condensation of intermediate vector
mesons such as the W boson. However (except for extending the theory in higher space
dimensions) in these cases one often introduces an external source. For example one
adds to the theory a strong magnetic field (say in the direction z) which couples to the
electromagnetically charged intermediate vector bosons W+ and W−). In this case the
potential is (see [4]):
V = 2σ4λsin2 α+2
(
m2− eH sinα)σ2 , (9)
where e is the electromagnetic charge and H is the external electromagnetic source field.
This potential has a true minimum for α = pi/2 and σ = eH−m22λ whenever the external
magnetic field satisfies the relation eH > m. We learn that the relativistic vector theory is
unstable at large chemical potential whenever the non derivative vector self interactions
are tuned to be identical. This is precisely the limit often used in literature when writing
effective Lagrangians that in QCD describe the ρ vector field. In principle we can
still imagine to stabilize the potential in the gauge limit by adding some higher order
operators. This might be the case if one introduces massive gauge bosons as in [12].
Due to the gauge limit λ′ = λ is positive and assuming the higher order corrections to be
small one predicts a polar phase within this model. Another solution to this instability is
that the chemical potential actually does not rise above the mass of the vectors even if
we increase the relative charge density. This phenomenon is similar to what happens in
the case of an ideal bose gas at high chemical potential [24]. If the strict gauge limit is
taken (i.e. also the mass term is set to zero) we need to impose gauge neutrality and the
analysis modifies [24].
Interestingly by studying the vector condensation phenomenon for strongly interact-
ing theories on the lattice at high isospin chemical potential we can determine the best
way of describing the ordinary vector self-interactions at zero chemical potential.
PHYSICAL APPLICATIONS AND CONCLUSIONS
We presented the phase structure of the relativistic massive vector condensation phe-
nomenon due to a non zero chemical potential associated to some of the global con-
served charges of the theory [15]. The phase structure is very rich. According to the
value assumed by λ′ we have three independent phases. The polar phase with λ′ positive
is characterized by a real vacuum expectation value and 3 goldstone bosons of type I.
The apolar phase for λ′ negative has a complex vector vacuum expectation value spon-
taneously breaking CP. In this phase we have one goldstone boson of type I and one of
type II while still breaking 3 continuous symmetries. The third phase has an enhanced
potential type symmetry and 3 goldstone bosons one of type I and two of type II.
We also discovered that if we force the self interaction couplings λ and λ′ to be
identical, as predicted in a Yang-Mills massive theory, our ansatz for the vacuum does
not lead to a stable minimum when increasing the chemical potential above the mass
of the vectors. We suggest that lattice studies at high isospin chemical potential in the
vector channel for QCD might be able to, indirectly, shed light on this sector of the
theory at zero chemical potential. More generally the hope is that these studies might
help understanding how to construct consistent theories of interacting massive higher
spin fields not necessarily related to a gauge principle.
The present knowledge can be used for a number of physical phenomena of topical
interest. For example in the framework of 2 color QCD at non zero baryon chemical
potential[25, 26] vector condensation has been predicted in [17, 16]. Recent lattice
studies [18] seem to support it. Studies[27] of the Gross-Neveu model in 2+1 dimensions
with a baryon chemical potential might also shed light on the vector meson channel.
The present analysis while reinforcing the scenario of vector condensation shows that
we can have many different types of condensations with very distinct signatures. Other
possible physical applications are discussed in [16]. The analysis has been extended to
a general number of space dimensions [16] and is useful for various scenarios related to
the phenomenon of vector condensation [8, 28].
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